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1. INTRODUCTION
The aim of this paper is to show that there is a one to one correspon-
dence between the set of semisimple locally symmetric spaces and the set of
admissible square quadruplets. This correspondence provides a new
approach to classify locally semisimple symmetric pairs and a convenient
way to parametrize the irreducible non-Riemannian symmetric spaces.
Let G be a semisimple Lie group with an involution (i.e., involutive
automorphism) s. Let H be a closed subgroup of G such that (Gs)0 …
H … Gs. Then the quotient X=G/H is a semisimple symmetric space. We
say that (G, H) is a semisimple symmetric pair.
Let g be the Lie algebra of G, and let s also denote the involution of g
defined by the involution s on G. Let g=h+q be the decomposition of g
into the +1 and −1 eigenspaces of s. We say that (g, h) is a locally
symmetric pair. In order to avoid much discussion of the different covering
spaces of a symmetric space G/H, we only discuss the locally symmetric
pair (g, h) which is at the Lie algebra level. Berger [B] classified all irre-
ducible locally symmetric pairs including Riemannian ones which were
classified by Cartan earlier.
Cartan has shown that the isomorphism classes of involutive auto-
morphisms of complex semisimple Lie algebras correspond bijectively to
the isomorphism classes of real semisimple Lie algebras, which correspond
in turn to the isomorphism classes of Riemannian locally symmetric pairs
(cf. [Hg]). In general one can show that semisimple locally symmetric pairs
correspond to pairs of commuting involutive automorphisms of complex
semisimple Lie algebras. More precisely, let (g, s) be a semisimple locally
symmetric pair; i.e., g is a real semisimple Lie algebra and s is an involutive
automorphism of g. Then by a result of Berger [B], there exists a Cartan
involution h of g, such that sh=hs. If we denote by gC the complexifica-
tion of g, then s and h induce a pair of commuting involutions of gC.
Conversely, if s and h are commuting involutions, then s and h determine
two locally semisimple symmetric pairs. If u is both a s- and h-stable
compact real form with conjugation y which always exists (cf. [Hm, OV]),
then (ghy, s|ghy ) and (gsy, h|gsy ) are semisimple locally symmetric pairs with
Cartan involutions h|ghy and s|gsy , respectively. Here ghy and gsy denote the
subsets of gC of the fixed points of hy and sy, respectively. The iso-
morphism classes of ordered pairs of commuting involutive automorphisms
have been classified by Helminck [Hm]. The advantage of Helminck’s
classification is that he obtains the classification of semisimple locally
symmetric pairs under both inner and outer automorphisms, while Berger
only classified the semisimple locally symmetric pairs under the action of
the full automorphism group. Oshima and Sekiguchi [OS] also determined
the restricted root system of a locally semisimple symmetric pair.
In this paper we show that we can associate to each pair of the commuting
involution (s, h) of gC a square quadruplet of Lie algebras
gC || kC: :
hC | hC 5 kC
.
Such a square quadruplet is called admissible if the four pairs of Lie
algebras (gC, kC), (gC, hC), (kC, hC 5 kC), and (hC, hC 5 kC) are semisimple
locally symmetric pairs. Clearly, a pair of commuting involutions of gC
corresponds to an admissible square quadruplet with kC=g
h
C and hC=g
s
C.
Conversely, we will show that an admissible square quadruplet also corre-
sponds to a pair of commuting involutions. Therefore, there is a one to one
correspondence between the set of semisimple locally symmetric pairs and
the set of admissible square quadruplets. This correspondence and its proof
102 JING-SONG HUANG
are very simple. As pointed out to us by the referee, this characterization
theorem for locally symmetric pairs might have been known to some
experts in the 1980s. However, it cannot be found in the literature (at least
by this author). We find this correspondence extremely useful, because it
leads to a new approach in the classification and a much simpler parame-
trization of semisimple locally symmetric pairs. This approach is described
at the end of Section 3. In Section 4 we give the explicit correspondence
between the subset of admissible square quadruplets and the set of irreduc-
ible classical non-Riemannian locally symmetric pairs. In Section 5 we
describe the admissible square quadruplets corresponding to the irreducible
exceptional locally symmetric spaces. Therefore, Sections 4 and 5 contain a
complete list of irreducible non-Riemannian locally symmetric spaces. In
Section 6 we show that the set of admissible quadruplets corresponding to
irreducible classical non-Riemannian symmetric spaces has a special prop-
erty being stable under rotations and transpose. Our proof is independent
of the classification in Section 4.
2. IRREDUCIBLE SYMMETRIC SPACES
Let G be a Lie group (not necessarily semisimple) with an involution s.
Let H be a closed subgroup of G such that (Gs)0 …H … Gs. Then the
quotient X=G/H is a symmetric space. Let g be the Lie algebra of G, and
let s also denote the involution of g defined by the involution s on G. Let
g=h+q be the decomposition of g into the +1 and −1 eigenspaces of s.
Then h is the Lie algebra of H, and q may be identified with the tangent
space TeHX at the base point eH. Clearly, we have
[h, h] … h, [h, q] … q, and [q, q] … h.
We say that X=G/H is a Riemannian symmetric space if X admits a
G-invariant positive-definite metric. Note that the Killing form on g
induces a G-invariant metric on X. It is easy to see that if G is compact
then the symmetric space G/H is Riemannian. If G is noncompact and
semisimple and s is a Cartan involution of G, then the noncompact
symmetric space G/K is also Riemannian.
If q1 is aH-invariant subspace of q, then g1=[q1, q1]+q1 is a subalgebra
of g. Let G1 be the analytic subgroup of G corresponding to g1 and
H1=G1 5H. Then X1=G1/H1 is a subsymmetric space of X. We say that
X1 is an invariant subsymmetric space if g1 is an ideal in g. We say that the
symmetric space X is irreducible if X has no nontrivial invariant subsym-
metric space. It is a well-known fact [F-J] that
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Proposition 2.1. X is irreducible if and only if either X has dimension
one or g is simple or g is the direct sum of two isomorphic simple ideals,
g=g1 À g1, and s(X, Y)=(Y, X).
The irreducible symmetric spaces of dimension one may be regarded as
trivial symmetric spaces. From now on by an irreducible symmetric space
we mean a nontrivial irreducible symmetric space. The symmetric spaces
play a very important role in harmonic analysis, representation theory, and
differential geometry. The noncompact irreducible Riemannian symmetric
spaces are in one to one correspondence with the noncompact simple Lie
groups, which were classified by Cartan. The general irreducible symmetric
spaces including the irreducible Riemannian symmetric spaces were
classified later by Berger [B].
As we mentioned in the Introduction, Cartan showed that the iso-
morphism classes of involutive automorphisms of semisimple complex Lie
algebras correspond bijectively to the isomorphism classes of real semi-
simple Lie algebras, which correspond in turn to the isomorphism classes
of simply connected Riemannian symmetric spaces (cf. [Hg]). Therefore,
the set of simply connected irreducible Riemannian symmetric spaces
G/K is in one to one correspondence with the set of irreducible locally
symmetric pairs (gC, kC).
Theorem 2.2 [Hg, Theorem 6.2]. Suppose that g1 and g2 are two real
forms of a complex simple Lie algebra. Let g1=k1 À p1 and g2=k2 À p2 be
the Cartan decomposition for g1 and g2, respectively. If k1 and k2 are
isomorphic, then g1 and g2 are isomorphic.
It follows from the above theorem that a real form g of a simple complex
Lie algebra is determined completely by k, the fixed point set of the Cartan
involution. If real Lie algebra g is also a complex Lie algebra, then k is
simply the compact real form of g. Here is the complete list of pairs (g, k)
such that g is a noncompact real form of a simple complex Lie algebra.
g0 k0
AI sl(n, R) so(n)
AII sug(2n) so(2n)
AIII su(p, q) s(u(p)+u(q))
BDI so(p, q) so(p)+so(q)
DIII sog(2n) u(n)
CI sp(2n, R) u(n)
CII sp(2p, 2q) sp(2p)+sp(2q)
EI e6(6) sp(4)
EII e6(2) su(6)+su(2)
EIII e6(−14) so(10)+so(2)
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g0 k0
EIV e6(−26) f4
EV e7(7) su(8)
EVI e7(−5) so(12)+su(2)
EVII e7(−25) e6+so(2)
EVIII e8(8) so(16)
EIX e8(−24) e7+su(2)
FI f4(4) sp(3)+su(2)
FII f4(20) so(9)
G g2(2) su(2)+su(2)
Here the integers in the parentheses for the exceptional real Lie algebra g
are equal to dim p−dim k, with g=k À p being the Cartan decomposition.
The above list and the notaion used in the list are due to Cartan.
A symmetric space X=G/H is called classical, if G is a (product of)
classical Lie group(s). For convenience of the statement of our results, the
classical Lie groups here are in Howe’s sense. More precisely, we refer to
the matrix groups such as GLn (the group of n×n invertible matrices), Up, q,
and Op, q (defined below) without requiring their determinants equal to one.
The following is the list of irreducible classical Riemannian symmetric
spaces. To avoid the complexity of the different covering spaces we only list
one from each class of symmetric spaces which have the same simply
connected covering space. We call a pair which represents an irreducible
Riemannian classical locally symmetric pair (gC, kC) such as A ‡ C an
admissible pair.
Admissible pair Compact type Noncompact type
A×A ‡ A Un×Un/D GLn(C)/Un
BD×BD ‡ BD On×On/D On(C)/On
C×C ‡ C Spn×Spn/D Sp2n(C)/Spn
A ‡ A×A Up+q/Up×Uq Up, q/Up×Uq
BD ‡ BD×BD Op+q/Op×Oq Op, q/Op×Oq
C ‡ C×C Spp+q/Spp×Spq Spp, q/Spp×Spq
A ‡ BD Un/On GLn(R)/On
A ‡ C U2n/Spn GLn(H)/Spn
BD ‡ A O2n/Un Og2n/Un
C ‡ A Sp2n/Un Sp2n(R)/Un
Here is the explanation of the notations used in the above table. Obviously,
the letters A, B, C, and D denote the types of Dynkin diagrams which cor-
respond to the classical complex simple Lie algebras. For F=R, C, H,
GLn(F) refers to the group of n×n invertible matrices with entries
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in F. The groups Op, q, Up, q, and Spp, q are the linear isometry groups for the
Hermitian form
|z1 |2+·· ·+|zp |2−|zp+1 |2− · · · − |zp+q |2
defined over R, C, and H, respectively. The complex orthogonal group
On(C) and the complex symplectic group Sp2n(C) are the complex linear
isometry groups for the bilinear forms corresponding to the symmetric
matrix In and skew-symmetric matrix J=(
0
−In
In
0), respectively. The groups
Sp2n(R) and Spn are the split real form and the compact real form of
Sp2n(C), respectively. Note that in our notation Sp2n is the compact real
form of Sp4n(C). The group O
g
2n is defined by
Og2n=3g ¥ Un, n : g t 1 0In In0 2 g=1 0In In0 24 .
The following observation is useful for a parametrization of irreducible
classical non-Riemannian locally symmetric pairs later.
Proposition 2.3. The set of irreducible simply connected Riemannian
classical symmetric spaces is in one to one correspondence with the set of
admissible pairs. Moreover, this set of admissible pairs is preserved under
interchange of the factors.
The correspondence follows from Cartan’s classification. It is clear from
the above list that the set of admissible pairs corresponding to classical
Riemannian locally symmetric pairs is preserved under the interchange of
factors.
Remark 2.4. Note that the parametrization of the admissible pairs in
the table should be understood in the sense that we identify the isomorphic
factors in the low rank cases. As in the correspondence of the set of
complex simple Lie algebras with the Dynkin diagrams, there are some
identifications such as B(2) 5 C(2) in the rank two case. The correspon-
dence described in Proposition 2.3 should also be understood in this sense.
For example, the admissible pairs B(2)×B(2) … B(2) and C(2)×C(2) ‡
C(2) correspond to the locally isomorphic symmetric spaces O5(C)/O5 and
Sp2×2(C)/Sp2. We will not distinguish these two isomorphic pairs.
3. ADMISSIBLE SQUARE QUADRUPLETS
We retain the notation in the Introduction. Let (s, h) be a pair of
ordered commuting involutions of a complex semisimple Lie algebra gC.
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Let kC=gh and hC=gs be the two subalgebras of fixed points of h and s,
respectively. Then kC is s-stable and hC is h-stable. It follows that
kC 5 hC=ksC=hhC. Hence, we can associate to each pair of commuting
involutions (s, h) a square quadruplet
gC || kC: :
hC | hC 5 kC
, (3.1)
such that the two horizontal pairs and two vertical pairs are locally
symmetric pairs.
If s is an involution of a real Lie algebra g, then we say that h=gs is a
symmetric subalgebra of g. The locally symmetric pair (g, h) is called
irreducible if g/h is an irreducible representation of ad(h). Note that if h is
a symmetric subalgebra of g then there may be more than one involution s
of g such that h=gs. As a matter of fact, it follows from the classification
that if h1 and h2 are involutions of a simple noncommutative Lie algebra g
over C, then gh1 5 gh2 if and only if h1 and h2 are conjugate in Aut(g)
(cf. [OV]). Therefore, gh1=gh2 if and only if h1 and h2 are conjugate by a
y ¥ Aut(g) such that y(gh1)=gh1. We say that a pair (gC, hC) is a complex
locally symmetric pair if its compact real form (g, h) is a locally symmetric
pair. The complex pair (gC, hC) is said to be irreducible if its compact real
form is irreducible.
Definition 3.1. Let gC be a complex semisimple Lie algebra. Let kC
and hC be two symmetric subalgebras of gC with corresponding involution
h and s, respectively. A square quadruplet in (3.1) is called admissible if
(hC, hC 5 kC) and (kC, hC 5 kC) are complex locally symmetric pairs.
Clearly, a pair of commuting involutions of gC corresponds to an
admissible square quadruplet with kC=g
h
C and hC=g
s
C. It is clear that
(h, s)}
gC || kC: :
hC | hC 5 kC
if and only if (s, h)}
gC || hC: :
kC | hC 5 kC
.
We say that (h, s) is the dual pair of (s, h). We also call (h, sh) the
associate pair of (h, s). Therefore, for two commuting involutions h and s
there are six ordered pairs: (h, s) and its dual (s, h); (h, hs) and its dual
(hs, h); (s, hs) and its dual (hs, s) (some of them may be isomorphic).
Hence, there are six admissible square quadruplets corresponding to these
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six pairs. The following diagram illustrates the relations between these
six pairs:
(s, h) P|Qdual (h, s) P|Qasso. (h, hs)
¡asso. ¡dual
(s, hs)P|Qdual (hs, s)P|Qasso. (hs, h)
Here asso. stands for associate. Some of these six pairs are isomorphic,
since they are self-dual and/or self-associate.
Now we show that each admissible square quadruplet also corresponds
to a pair of commuting involutions. We will need the following lemma.
Lemma 3.2. Let h and s be two involutions of a semisimple Lie algebra g.
Suppose that g=k+p and g=h+q are the decompositions of g of eigen-
spaces of +1 and −1 of h and s, respectively. Then the following conditions
are equivalent:
(i) h commutes with s.
(ii) sh is an involution.
(iii) k is s-stable.
(vi) h is h-stable.
(v) k=(k 5 h) À (k 5 q).
(iv) h=(h 5 k) À (h 5 p).
The verification of this lemma is easy and straightforward.
Theorem 3.3. Suppose that
gC || kC: :
hC | hC 5 kC
is an admissible square quadruplet. Let h and s be the two involutions of gC
such that ghC=kC and g
s
C=hC. Then hs=sh. Therefore, there is a one to one
correspondence between the set of the ordered pairs of commuting involutions
of complex semisimple Lie algebras and the set of admissible square
quadruplets.
Proof. We show that an admissible square quadruplet corresponds to a
pair of commuting involutions. Let gC=kC À pC be the decomposition of
gC of eigenspaces of h with eigenvalues +1 and −1. By the above lemma,
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we need only to show that hC is s-stable, or equivalently hC=(hC 5 kC) À
(hC 5 pC).
Let kC=(kC 5 hC) À V and hC=(kC 5 hC) ÀW be the decomposition for
the two corresponding locally symmetric pairs, respectively. Then both V
and W are representations of kC 5 hC and we have V 5W=0. The killing
form on gC defines an invariant bilinear form ( , ) on gC. Clearly, pC is the
orthogonal complement to kC. Since kC and hC are reductive subalgebras of
gC, the invariant form restricts to non-degenerate invariant forms on them.
It follows that both V and W are orthogonal to kC 5 hC. As a representa-
tion of kC 5 hC, the subspace kC+hC of gC can be decomposed into
(kC 5 hC) À V ÀW. We claim that this decomposition can be made into an
orthogonal decomposition of representations of kC 5 hC by properly choos-
ingW. This follows from consideration of the orthogonal decomposition of
kC+hC into kC 5 hC À V ÀWŒ as representations of kC 5 hC. We have that
WŒ is contained in hC and WŒ is isomorphic to W as a representation of
kC 5 hC. It follows that (kC 5 hC) ÀWŒ is an orthognal decomposition of hC
as a representation of kC 5 hC. Now consider the representation [WŒ, WŒ]
which is isomorphic to [W, W]=kC 5 hC. Hence [WŒ, WŒ] is orthogonal to
WŒ and [WŒ, WŒ]=kC 5 hC. We may replace W by WŒ to get the orthogo-
nal decomposition. Therefore we have that W is contained in pC and
hC=(hC 5 kC) À (hC 5 pC) as desired. L
As a consequence, we have
Corollary 3.4. The set of semisimple locally symmetric pairs is in one
to one correspondence with the set of admissible square quadruplets.
Theorem 3.3 and Corollary 3.4 lead to a simple classification and a con-
venient parametrization of irreducible classical non-Riemannian locally
symmetric pairs. Let (h, s) be a pair of commuting involutions of a semi-
simple Lie algebra gC over C. Let gC=kC+pC and gC=hC+qC be the
decomposition of gC into +1 and −1 eigenspaces with respect to h and s,
respectively. Then we have
gC=kC 5 hC+kC 5 qC+pC 5 hC+pC 5 qC. (3.2)
We write
g0=kC 5 hC, g1=kC 5 qC, g2=pC 5 hC, g3=pC 5 qC.
This yields a quaternionic decomposition
gC=g0+g1+g2+g3 (3.3)
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with
[g0, gj] ı gj, [gj, gj] ı g0, [g1, g2] ı g3, [g2, g3] ı g1, [g3, g1] ı g2.
Conversely, given a quaternionic decomposition in (3.3), set h j=g0+gj
and
q1=g2+g3, q2=g3+g1, q3=g1+g2.
This yields the three symmetric pairs (h j+q j, h j), which correspond to three
pairs of commuting involutions (h, s), (s, h), and (h, hs)
Now we can classify the irreducible locally symmetric pairs as follows.
Let gC be a semisimple Lie algebra gC over C. We may reduce to the case
that gC is simple. Let kC be a symmetric subalgebra. Note that all such pairs
(gC, kC) correspond to a Cartan involution or a locally Riemannian sym-
metric space and were classified by Cartan. Let gC=kC+pC be the
orthogonal decomposition (with respect to the Killing form). Now kC is
reductive. We take a symmetric subalgebra lC of kC. The choices of lC are
also limited and known by Cartan’s classification. We write g0 for lC and g1
for the orthogonal complement of lC in kC. The representation of kC
restricted to lC on pC has an orthogonal decomposition into direct sum of
irreducible representations. Suppose pC=g2 À g3 such that (gC, g0+gi) and
(g0+gi, g0) are all symmetric pairs. This can be readily verified by Cartan’s
list. Then we have
Proposition 3.5. In the above setting, the orthogonal decomposition
gC=g0+g1+g2+g3
is a quaternionic decomposition.
Proof. Since (g0+gi, g0) is a symmetric pair, we have
[g0, gj] ı gj, [gj, gj] ı g0.
It remains to show that
[g1, g2] ı g3, [g2, g3] ı g1, [g3, g1] ı g2.
We show [g1, g2] ı g3 here. The other two can be proved similarly. First,
we know that (gC, g0+g1) is a symmetric pair. It follows that
[g1, g2] … g2+g3.
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Second, (gC, g0+g3) is a symmetric pair. It follows that
[g1, g2] … [g1+g2, g1+g2] … g0+g3.
Then [g1, g2] is contained in the intersection of g2+g3 and g0+g3. Hence
[g1, g2] … g3. L
By this quaternionic decomposition and Lemma 3.2 we obtain three
commuting involutions h, s, and hs. In turn they yield six pairs of com-
muting involutions as in (3.2). This classifies all pairs of commuting
involutions and hence semisimple locally symmetric pairs. We carry out the
detailed checking and the complete list of irreducible locally symmetric
pairs in Section 4 for classical cases and in Section 5 for exceptional cases.
The reason to separate classical and exceptional cases is that we observe
some nice properties of symmetry for the subset of admissible square
quadruplets corresponding to irreducible locally symmetric spaces of
classical type. These properties will be proved in Section 6 without
using the classification in Section 4.
4. IRREDUCIBLE NON-RIEMANNIAN SYMMETRIC PAIRS:
CLASSICAL TYPE
In this section we produce a complete list of irreducible non-Riemannian
locally symmetric pairs of classical type by the procedure described at
the end of the previous section. This amounts to giving the explicit corre-
spondence between the set of classical irreducible non-Riemannian locally
symmetric pairs to the corresponding subset of admissible square
quadruplets. We note that there is a natural partition of the set of irreduc-
ible classical non-Riemannian symmetric pairs (g, h) into three subsets. The
first subset consists of symmetric pairs (g×g, Dg) (type I), the second
subset consists of symmetric pairs (g, h) when g is a complex simple Lie
algebra and h a real or complex subalgebra (type II), and the third subset
consists of pairs when g is a noncompact real form of a complex simple Lie
algebra gC (type III).
Type I. There are 10 admissible square quadruplets corresponding to
irreducible symmetric pairs (g×g, Dg):
gl(n, C)}
A4|| A2: :
A2|| A
so(n, C)}
BD4|| BD2: :
BD2||| BD
sp(2n, C)}
C4|| C2: :
C2|| C
u(p, q)}
A2|| A4: :
A || A2
so(p, q)}
BD2|| BD4: :
BD |||BD2
sp(p, q)}
C2|| C4: :
C || C2
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gl(n, R)}
A4|| BD2: :
A || BD
gl(n, H)}
A2|| C2: :
A || C
sog(2n)}
BD2|| A2: :
BD || A
sp(2n, R)}
C2|| A2: :
C || A
Type II. When g is a complex simple Lie algebra and h a subalgebra,
we proceed in the following three situations according to its type.
(II-A) There are 6 cases when g=gl(n, C):
gl(n, C)
2
so(n, C)
}
A2 || A: :
BD2|| BD
gl(n, C)
2
gl(n, R)
}
A2|| A: :
A || BD
gl(p+q, C)
2
gl(p, C)×gl(q, C)
}
A2|| A: :
A4|| A2
gl(p+q, C)
2
u(p, q)
}
A2|| A: :
A || A2
gl(2n, C)
2
sp(2n, C)
}
A2|| A: :
C2|| C
gl(2n, C)
2
gl(n, H)
}
A2|| A: :
A || C
(II-B) There are 4 cases when g=so(n, C):
so(n, C)
2
so(p, C)× so(q, C)
}
BD2|| BD: :
BD4|| BD2
so(2n, C)
2
gl(n, C)
}
BD2|| BD: :
A2 || A
so(n, C)
2
so(p, q)
}
BD2|| BD: :
BD || BD2
so(2n, C)
2
sog(2n)
}
BD2|| BD: :
BD || A
(II-C) There are 4 cases when g=sp(2n, C):
sp(2p+2q, C)
2
sp(p, C)× sp(q, C)
}
C2|| C: :
C4|| C2
sp(2n, C)
2
gl(n, C)
}
C2|| C: :
A2|| A
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sp(2p+2q, C)
2
sp(p, q)
}
C2|| C: :
C || C2
sp(2n, C)
2
sp(2n, R)
}
C2|| C: :
C || A
Type III .When g is a noncompact real form of a complex simple Lie
algebra gC, we proceed in the following seven situations.
(III-A-1) There are 6 cases when g=u(p, q):
u(k+r, l+s)
2
u(k, l)×u(r, s)
}
A || A2: :
A2|| A4
u(p, q)
2
so(p, q)
}
A || A2: :
BD|| BD2
u(2p, 2q)
2
sp(p, q)
}
A|| A2: :
C|| C2
u(n, n)
2
gl(n, C)
}
A || A2: :
A2|| A
u(n, n)
2
sp(2n, R)
}
A|| A2: :
C|| A
u(n, n)
2
sog(2n)
}
A || A2: :
BD|| A
(III-A-2) There are 4 cases when g=gl(n, R):
gl(p+q, R)
2
gl(p, R)×gl(q, R)
}
A || BD: :
A2|| BD2
gl(2n, R)
2
gl(n, C)
}
A || BD: :
A2|| A
gl(n, R)
2
so(p, q)
}
A || BD: :
BD|| BD2
gl(2n, R)
2
sp(2n, R)
}
A|| BD: :
C|| A
(III-A-3) There are 4 cases when g=gl(n, H):
gl(p+q,H)
2
gl(p, H)×gl(q, H)
}
A || C: :
A2|| C2
gl(n, H)
2
gl(n, C)
}
A || C: :
A2|| A
gl(n, H)
2
sp(p, q)
}
A|| C: :
C|| C2
gl(n, H)
2
sog(2n)
}
A || C: :
BD|| A
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(III-B-1) There are 4 cases when g=so(p, q):
so(k+r, l+s)
2
so(k, l)× so(r, s)
}
BD || BD2: :
BD2|| BD4
so(2p, 2q)
2
u(p, q)
}
BD|| BD2: :
A || A2
so(n, n)
2
gl(n, R)
}
BD|| BD2: :
A || BD
so(n, n)
2
so(n, C)
}
BD || BD2: :
BD2|| BD
(III-B-2) There are 4 cases when g=sog(2n):
sog(2p+2q)
2
sog(2p)× sog(2q)
}
BD || A: :
BD2|| A2
sog(2n)
2
so(n, C)
}
BD || A: :
BD2|| BD
sog(2n)
2
u(p, q)
}
BD|| A: :
A || A2
sog(4n)
2
gl(n, H)
}
BD|| A: :
A || C
(III-C-1) There are 4 cases when g=sp(p, q):
sp(k+r, l+s)
2
sp(k, l)× sp(r, s)
}
C || C2: :
C2|| C4
sp(p, q)
2
u(p, q)
}
C|| C2: :
A|| A2
sp(n, n)
2
gl(n, H)
}
C|| C2: :
A|| C
sp(n, n)
2
sp(2n, C)
}
C || C2: :
C2|| C
(III-C-2) There are 4 cases when g=sp(2n, R):
sp(2n, R)
2
sp(2p, R)× sp(2q, R)
}
C || A: :
C2|| A2
sp(4n, R)
2
sp(2n, C)
}
C || A: :
C2|| C
sp(2n, R)
2
u(p, q)
}
C|| A: :
A|| A2
sp(2n, R)
2
gl(n, R)
}
C|| A: :
A|| BD
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Remark 4.1. Note that there are some overlaps for the small rank
cases, which should be identified according to the isomorphic factors
(cf. Remark 2.4).
5. IRREDUCIBLE NON-RIEMANNIAN SYMMETRIC PAIRS:
EXCEPTIONAL TYPE
In this section we give a complete list of irreducible non-Riemannian
symmetric pairs of exceptional types. As in the previous section for the
classical types, we give the explicit correspondence between the set of irre-
ducible locally symmetric pairs of exceptional types to the corresponding
subset of admissible square quadruplets. We first list the obvious cases,
which follow easily from Cartan’s classification of Riemannian locally
symmetric pairs.
If gC is a simple Lie algebra over C, then the admissible square
quadruplet
g4C || g2C: :
g2C || gC
(5.1)
corresponds to the irreducible symmetric pair (gC×gC, DgC). Note that
there are 5 exceptional simple complex Lie algebras.
If g is a real simple Lie algebra, but not a complex Lie algebra, then its
complexification gC is a simple Lie algebra over C. Let k be a maximal
compact subalgebra of g. Note that there are 12 real simple exceptional Lie
algebras whose complexifications are complex simple Lie algebras. Then
g2C || gC: :
gC || kC
(5.2)
corresponds to (gC, g). The admissible square quadruplet
g2C || k2C: :
gC || kC
(5.3)
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corresponds to (g×g, Dg) and its transpose
g2C || gC: :
k2C || kC
(5.4)
corresponds to (gC, kC).
The above admissible square quadruplets give 42 exceptional irreducible
non-Riemannian symmetric pairs. Of course these diagrams (5.1)–(5.4) also
represent irreducible locally symmetric pairs of classical type when gC is
classical, which are exactly the type I and type II irreducible classical
symmetric pairs in Section 4.
Remark 5.1. The pair of commuting involutions corresponding to (5.1)
is self-dual and self-associate. The relations among commuting pairs corre-
sponding to (5.2)–(5.3) can be illustrated by
(5.2)(self-dual)P|Qasso. (5.4)P|Qdual (5.3)(self-asso.).
The above admissible square quadruplets in (5.1)–(5.4) exhaust all cases
that the upper left conner of the admissible square quadruplet is not a
simple complex Lie algebra. In the correspondence
(g, h)}
gC || kC: :
hC | hC 5 kC
for the remaining cases we assume g is a real simple Lie algebra whose
complexification gC is a simple Lie algebra over C. We set lC=kC 5 hC. For
a given irreducible locally symmetric pair (g, h), it is easy to write down the
corresponding admissible square quadruplet. Therefore, for the rest of the
irreducible locally symmetric pairs we only list them and describe their
relations of duality and associativity.
I. gC=E6. There are 23 pairs.
(I-1) lC=A3. The (g, h)-pairs are
(e6(6), sp(4, R))
(self-dual) P|Qasso. (e6(6), sl(6, R)+sl(2, R))P|Qdual (e6(2), sp(4, R))
(self-asso.)
.
(I-2) lC=B2×B2. The (g, h)-pairs are
(e6(6), sp(2, 2))(self-dual)P|Qasso. (e6(6), so(5, 5)+R)(self-dual).
116 JING-SONG HUANG
(I-3) lC=A4. Then the (g, h)-pairs are
(e6(2), sog(10)+so(2))(self-asso.)
P|Qdual (e6(−14), su(5, 1)+sl(2, R))(self-asso.)
and
(e6(−14), sog(10)+so(2))
(self-dual) P|Qasso. (e6(−14), su(5, 1)+sl(2, R))
P|Qdual (e6(2), sog(10)+so(2))
(self-asso.)
.
(I-4) lC=A3×A1×A1. Then the (g, h)-pairs are
(e6(−14), su(4, 2)+su(2))(self-asso.)
P|Qdual (e6(2), so(6, 4)+so(2))(self-asso.).
(I-5) lC=A2×A2. Then the (g, h)-pair is
(e6(2), su(3, 3)+sl(2, R))(self-dual and self asso.).
(I-6) lC=A2×A2×A1. Then the (g, h)-pair is
(e6(2), su(4, 2)+su(2))(self-dual and self asso.).
(I-7) lC=B4. Then the (g, h)-pairs are
(e6(−14), f4(−20))(self-asso.)P|Qdual (e6(−26), so(9, 1))(self-asso.).
(I-8) lC=D4. Then the (g, h)-pair is
(e6(−14), so(8, 2)+so(2))(self-dual and self asso.).
(I-9) lC=C3×A1. Then the (g, h)-pairs are
(e6(−26), sug(6)+su(2)) P||Qdual (e6(2), f4(4))P||Qasso. (e6(2), sp(3, 1))
¡asso. ¡dual
(e6(−26), sp(3, 1))P||Qdual (e6(6), f4(4))P||Qasso. (e6(6), sug(6)+su(2)).
II. gC=E7. Then there are 19 pairs.
(II-1) lC=A5×A1. Then the (g, h)-pairs are
(e7(−5), su(6, 2) P|||Qdual (e7(7), sog(12)+su(2)) P||Qasso. (e7(7), e6(2)+R)
¡asso. ¡dual
(e7(−5), e6(2)+so(2)) P|Qdual (e7(−25), sog(12)+su(2))P||Qasso. (e7(−25), su(6, 2)).
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(II-2) lC=A3×A3. Then the (g, h)-pairs are
(e7(−5), su(4, 4))(self-asso.)P|Qdual (e7(7), so(6, 6)+sl(2, R))(self-asso.)
and
(e7(7), su(4, 4))(self-dual and self-asso.).
(II-3) lC=C4. The (g, h)-pairs are
(e7(7), sug(8))(self-dual)P|Qasso. (e7(7), e6(6)+R)
P|Qdual (e7(−25), sug(8))(self-asso.).
(II-4) lC=D5. The (g, h)-pairs are
(e7(−5), e6(−14)+so(2))
(self-dual) P|Qasso. (e7(−25) , so(10, 2)+sl(2, R))P|Qdual (e7(−25) , e6(−14))
(self-asso.)
.
(II-5) lC=D4×A1. The (g, h)-pair is
(e7(−5), so(8, 2)+su(2))(self-dual and self-asso.).
(II-6) lC=A5. The (g, h)-pair is
(e7(−5), sog(12)+sl(2, R))(self-dual and self-asso.).
(II-7) lC=D4. The (g, h)-pair is
(e7(7), sl(8, R))(self-dual and self-asso.).
(II-8) lC=F4. The (g, h)-pair is
(e7(−25), e6(−26)+R))(self-dual and self-asso.).
III. gC=E8. There are 8 pairs.
(III-1) lC=D6×A1×A1. The (g, h)-pairs are
(e8(8), e7(−5)+su(2))
(self-asso.) P|Qdual (e8(−24), so(12, 4))P|Qasso. (e8(−24), e7(−5)+su(2))
(self-dual)
.
(III-2) lC=A7. The (g, h)-pairs are
(e8(−24), sog(16))
(self-asso.) P|Qdual (e8(8), e7(7)+sl(2, R))P|Qasso. (e8(8), sog(16))
(self-dual)
.
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(III-3) lC=D4×D4. The (g, h)-pair is
(e8(8), so(8, 8))(self-dual and self-asso.).
(III-4) lC=E6. The (g, h)-pair is
(e8(−24), e7(−25)+sl(2, R))(self-dual and self-asso.).
IV. gC=F4. There are 5 pairs.
(IV-1) lC=B2×A1×A1. The (g, h)-pairs are
(f4(−20), sp(2, 1)+su(2))
(self-asso.) P|Qdual (f4(4), so(5, 4))P|Qasso. (f4(4), sp(2, 1)+su(2))
(self-dual)
.
(IV-2) lC=D4. The (g, h)-pair is
(f4(−20), so(8, 1))(self-dual and self-asso.).
(IV-3) lC=A2. The (g, h)-pair is
(f4(4), sp(2, 1)+sl(2, R))(self-dual and self-asso.).
V. gC=G2. There is 1 pair.
The only (g, h)-pair is
(g2(−2), sl(2, R)+sl(2, R))(self-dual and self-asso.).
6. THE ADMISSIBLE SQUARE QUADRUPLETS CORRESPONDING
TO CLASSICAL NON-RIEMANNIAN SYMMETRIC SPACES
Theorem 3.3 gives a bijection from the set of non-Riemannian locally
symmetric pairs to the set of the admissible square quadruplets by
(g, h)}
gC || kC: :
hC | hC 5 kC
.
In this section we show that the subset of admissible square quadruplets
corresponding to the classical locally symmetric pairs is stable under the
rotation and transpose; i.e., it is stable under the action of the dihedral
group D4. Our proof is very simple and does not use the classification in
Section 4.
ADMISSIBLE SQUARE QUADRUPLETS 119
For X ¥ {A, BD, C} we write X2 for X×X and X4 for X×X×X×X.
By Proposition 2.1, an admissible square quadruplet corresponding to a
classical locally symmetric pair is a diagram
X11 || X12: :
X21 || X22
such that it satisfies the following condition: each horizontal and vertical
pair is either an admissible pair or (X4, X2) with X ¥ {A, BD, C}.
For instance, the diagrams
A|| BD: :
C|| A
and
A4|| A2: :
A2|| A
are admissible square quadruplets.
Proposition 6.1. The set of admissible square quadruplets corresponding
to the classical non-Riemannian locally symmetric pairs is stable under the
rotations and the transpose. In other words, the dihedral group D4 acts on this
set.
Proof. By Proposition 1.2 the subset of admissible pairs corresponding
to Riemannian locally symmetric pairs is stable under interchange of
factors. It follows that the rotation
X11 || X12: :
X21 || X22
-
X12 || X22: :
X11 || X21
and the transpose
X11 || X12: :
X21 || X22
-
X11 || X21: :
X12 || X22
preserve the condition that horizontal and vertical pairs are admissible. L
Remark 6.2. Note that D4 is a Sylow-2 subgroup of the symmetric
group S4. Clearly, the set of the admissible square quadruplets is not stable
under the action of S4. For instance, the diagram
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A4|| A2: :
A2|| A
is an admissible square quadruplet, but by switching the two vertices A and
A2 the obtained digram
A4|| A: :
A2|| A2
is not an admissible square quadruplet.
The set of the admissible square quadruplets which corresponds to clas-
sical irreducible locally symmetric pairs can be partitioned into six types of
orbits of D4 as
(I)
X4|| X2: :
X2|| X
,
where X ¥ {A, BD, C}. There are 3 orbits of this type and totally 3×4=12
diagrams.
(II)
X2|| X: :
X || X2
,
where X ¥ {A, BD, C}. There are 3 orbits of this type and totally 3×2=6
diagrams.
(III)
A2|| A: :
A || X
,
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where X ¥ {BD, C}. There are 2 orbits of this type and totally 2×4=8
diagrams.
(IV)
A2 || A: :
X2|| X
,
where X ¥ {BD, C}. There are 2 orbits of this type and totally
2×2×4=16 diagrams.
(V)
A || X: :
X|| X2
,
where X ¥ {BD, C}. There are 2 orbits of this type and totally 2×4=8
diagrams.
(VI)
A|| X: :
Y|| A
,
where {X, Y}={BD, C}. There is only 1 orbit of this type and totally
2×2=4 diagrams. There are in total 12+6+8+16+8+4=54 diagrams
corresponding to irreducible admissible square quadruplets for classical
non-Riemannian symmetric pairs. This number coincides with the number
of admissible square quadruplets which appeared in Section 4.
Finally we remark that the following two diagrams
A || BD: :
BD|| A
and
A|| C: :
C|| A
are not admissible square quadruplets. There is no locally symmetric pair
corresponding to either of these two diagrams. This is clear from our clas-
sification. It follows from Proposition 6.1 that there is no locally symmetric
pair corresponding to the rotation or transpose of either of these two
diagrams.
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